
Noether's Theorem on a page

In the following we give a proof of Noether's Theorem. The proof is taken from [1],
Section 20. We consider a Lagrangian system

L : TM −→ R,

where TM is the tangent space of a di�erentiable ManifoldM and L is a smooth function,
the Lagrangian. We say that the system has a symmetry if there exists a one-parameter
group of di�eomorphisms

hs : M −→M, (s ∈ R)

with the property

L(Ths(q, q̇)) ≡ L(hs(q), Tqh
s(q̇)) = L(q, q̇) for all (q, q̇) ∈ TM,

where the �rst equivalence just serves to clarify the notation and Tq denotes the derivative
of hs at q. A �rst integral of the Lagrangian system is a smooth function

I : TM −→ R,

which is constant along any solution of the Lagrangian system, and the existence of such
a �rst integral is called a conservation law. We prove

Noether's Theorem. To every symmetry of a Lagrangian system there corre-

sponds a conservation law.

Proof. Let ϕ be a solution and (q, q̇) be local coordinates of TM . Then ϕ ful�lls
the Euler-Lagrange equations

∂L

∂q
=

d

dt

∂L

∂q̇
.

Set
Φ(s, t) = hs(ϕ(t)),

and denote d/ds with a prime, d/dt with a dot. Then
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This means that

I(q, q̇) =
∂L

∂q̇

d

ds
hs(q)

∣∣∣∣
s=0

is a �rst integral of the Lagrangian system. �In fact, I is the rate of change of L(x, v)
when the vector v ∈ TMx varies inside TMx with velocity (d/ds)|s=0 h

s(x).� ([1], p. 89)
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