Local portfolio optimization on a page
Joachim Paulusch, 30" October 2023.

We denote a portfolio by
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Risk of the portfolio is given by a risk function p — f(p) € R, two times continuously
differentiable in a neighborhood of p, e.g. with real, symmetric, positive definite matrix

S = (aij)f?;-:l (covariance matrix)
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o(p) then is the volatility of portfolio p. — Expected return is given by p — pu(p) € R.
Being an expected value, return is linear, i.e. with y € RY

plp) = mp1 + ...+ pnpn = p'p = (1, p)
By the Theorem of Taylor we have in a neighborhood of p

fp+v) = f(p) + (Vf(p),v) + O(||v]*),
with
Vip) =ofm)" = (@1f(®),....onf(p) €RY
Theorem 1. Let ¢ > 0 and
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Then there is a unique optimized portfolio p* with ||p* — p|| = ¢, (Vf(p),p* —p) =0, and
(,p +v) < (u,p*) forallv € RN, |v|| = ¢, (VF(p),v) =0, v # p* —p,
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Proof. It holds that ||p* — p|| = c and
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Note that (u,v) = (u*,v) for all v € RY with (Vf(p),v) = 0. Therefore

(,p+v) = (u,py + (1", v) = (u, p) + ¢/ cos o

forallv € RY, ||Jv|| = ¢, (Vf(p),v) = 0, wherein a denotes the angle between x* and v.
cosa = 1 if and only if v = p* — p. O



