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Let U C R"beopenwith Az € U forallz € Uand A > 0. Let f : U — Rbe differentiable
and homogeneous, i.e.

f(Ax) = Af(z) forallz € U and A > 0. (1)
Euler’s Theorem for homogeneous function states that
(Vf(x),z) = f(z)forall z € U, ()
as can be seen by computing
(Vi (), ) = & f) = A T(@) = f(z). ®
By Euler’s Theorem, the Taylor polynomial of first order of f reads
T fa;y — @) = f@) + (Vf(),y —2) = (Vf(2),9) (4)

The constant term vanishes and 7" f is a homogeneous polynomial in y.
Now let g : U — R be continuously differentiable and homogeneous of degree 2, i.e.

g(\z) = Ng(z) forall z € U and X > 0. (5)
Euler’s Theorem implies
1
5 (Vg(2), 2) = g(z) and Hy(z) z = Vg(z), (6)

where H, denotes the Hessian of g. Hence, the Taylor polynomial of second order of g
reads

T g(z;y — ) = g(a) + (Vo(x),y — ) + 5 (y — 2 Hy()(y — )

1 1
= 5:UTHQ(:U) x+ 2 Hy(x)y — 2 Hy(z) = + §yTHg(:c) y ?)
1 1
—ﬂﬂdwy+§fﬂﬁﬂx=§fﬂdﬂy

The constant and linear terms vanish and 7?) g is a homogeneous polynomial of degree
2in y. If again f is homogeneous of degree 1, then

Fw) ~ AT f2(wy — 2) = \/yT @] v ®)

In economic applications, f may be a model that aggregates risk measurements x;, to
an overall risk f(x). In this context, matrix [. . ] is called sensitivity-implied tail-correlation
matrix.
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